In this paper using topological degree we study the existence of nontrivial solutions for a fractional differential equation involving integral boundary conditions. Here, the nonlinear term may be sign-changing and may also depend on the derivatives of the unknown function.
Introduction
We study the existence of nontrivial solutions for the following integral boundary value problem involving Riemann-Liouville fractional derivatives: Fractional-order problems arise naturally in engineering and scientific disciplines such as physics, biophysics, chemistry, control theory, signal and image processing, and aerodynamics; we refer the reader to [1] [2] [3] . For example, in [4, 5] Many results on the existence and multiplicity of solutions (or positive solutions) of nonlinear fractional differential equations can be found for example in and the references therein. In [6-11, 19, 20, 26] , the authors used the fixed point index theory to study the existence of (positive) solutions for various boundary value problems of fractional differential equations, for example, Bai in [6] obtained positive solutions for the nonlocal fractional-order differential equation boundary value problem
where λ 1 is the first eigenvalue corresponding of the relevant linear operator. These conditions can also be found in some integer-order differential equations; we refer the reader to [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] and the references therein. Integral boundary conditions arise in thermal conduction problems, semiconductor problems and hydrodynamic problems (see [11] ) and we refer the reader to [10, 11, 18, 19, 26, 28-30, 33, 34, 39, 43, 50-52] and the references therein. In [26] the authors studied the integral boundary value problem of the nonlinear Hadamard fractional differential equation
Many papers in the literature also considered sign-changing nonlinearity problems; see [4, 5, 7-9, 13-19, 22-30, 34, 35, 38-52] and the references therein. In [15] , the authors studied the fractional differential equation with a singular decreasing nonlinearity and a p-Laplacian operator:
Using a double iterative technique, they showed that the above problem has a unique positive solution, and from an iterative technique, they established an appropriate sequence, which converges uniformly to the unique positive solution.
In this paper we use topological degree theory to consider the existence of nontrivial solutions for (1.1). The novelty is twofold: (1) 
Preliminaries
We present some definitions and notations from fractional calculus theory involving Riemann-Liouville fractional derivatives; for details see the books [1] [2] [3] .
Definition 2.1 (see [1] [2] [3] ) The Riemann-Liouville fractional derivative of order α > 0 of a continuous function f : (0, +∞) → (-∞, +∞) is given by
denotes the integer part of number α, provided that the right side is pointwise defined on (0, +∞). 
provided that the right side is pointwise defined on (0, +∞).
where N is the smallest integer greater than or equal to α. 
where
Proof From Lemma 2.3 we have
Note that u(0) = u (0) = 0, and we obtain c 2 = c 3 = 0. Then we have
Therefore, from the condition
we have the equation
Solving this, we have
As a result, we obtain
This completes the proof.
For convenience, let 
4)
Using f (t) to replace f (t, ·, ·, ·), and from Lemma 2.3 we obtain
Solving this equation, we obtain
Consequently, we have
Lemma 2.6
The functions G i , H 1 (i = 1, 2) satisfy the properties:
Proof We only prove (ii). From [20] we have
Combining this with (2.5), we easily obtain the inequalities in (ii). This completes the proof.
Then (E, · ) is a real Banach space, and P is a cone on E. Now, we define an operator A : E → E as follows: 
Moreover, we know that the continuity of .
where H 1 is defined by (2.5), and from Lemma 2.6(ii) we have
Indeed, if v ∈ P, Lemma 2.6(ii) implies that
Lemma 2.7 (see [53, Theorem 19.3]) Let P be a reproducing cone in a real Banach space E and let L : E → E be a compact linear operator with L(P) ⊂ P. Let r(L) be the spectral radius of L. If r(L) > 0, then there exists ϕ ∈ P \ {0} such that Lϕ = r(L)ϕ.
Therefore, from Lemma 2.7 we see that there exists ϕ a,b,c ∈ P \ {0} such that
In what follows, we prove that
Indeed, from (2.10) we have
Using Lemma 2.6(ii) and the definitions of H i (i = 1, 2, 3), we have
Therefore, (2.11) is true. 
Lemma 2.8 (see [54]) Let E be a Banach space and Ω a bounded open set in E. Suppose that A : Ω → E is a continuous compact operator. If there exists u
0 ∈ E \ {0} such that u -Au = μu 0 , ∀u ∈ ∂Ω, μ ≥ 0, then the topological degree deg(I -A, Ω, 0) = 0.
Main results
for i = 1, 2. Now, we list our assumptions for f as follows: Proof From (H4) there exist ε 0 > 0 and X 0 > 0 such that
(H2) There exist two nonnegative functions b(t), c(t) ∈ C[0, 1] with c(t) ≡ 0 and a function
For any given ε with ε 0 -c ε > 0, and from (H3) there exists X 1 > X 0 such that
It follows from (H2), (3.1), (3.2) that
. Then it easy to see that
Note that ε can be chosen arbitrarily small, and we let
,
Now we prove that 
Then we have
Note that v ∈ P 0 , and then from (2.9), ϕ α 1 ,β 1 ,γ 1 ∈ P 0 , and
we have 10) using the fact that f s,
Therefore, (2.10), (3.4) and (3.7) enable us to obtain
From the definition of operator L α 1 ,β 1 ,γ 1 , we get Therefore the operator A has at least one fixed point in B R \ B r . Equivalently, (1.1) has at least one nontrivial solution. This completes the proof.
